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We study the effect of a transport current on the vortex-line lattice in isotropic type-II supercon-
ductors in the presence of strong thermal fluctuations by means of ’driven-diffusion’ Monte Carlo
simulations of a discretized London theory with finite magnetic penetration depth. We calculate the
current-voltage (I-V) characteristics for various temperatures, for transverse as well as longitudinal
currents I . From these characteristics, we estimate the linear resistivities Rxx = Ryy and Rzz and
compare these with equilibrium results for the vortex-lattice structure factor and the helicity mod-
uli. From this comparison a consistent picture arises, in which the melting of the flux-line lattice
occurs in two stages for the system size considered. In the first stage of the melting, at a tempera-
ture Tm, the structure factor drops to zero and Rxx becomes finite. For a higher temperature Tz,
the second stage takes place, in which the longitudinal superconducting coherence is lost, and Rzz
becomes finite as well. We compare our results with related recent numerical work and experiments
on cuprate superconductors.
PACS numbers: 74.60.-w, 74.60.Ge
I. INTRODUCTION
The statistical mechanics of vortex lines in type-II su-
perconductors has been the subject of intense study af-
ter the discovery of the high-temperature superconduc-
tors. Due to the large thermal fluctuations and pro-
nounced anisotropies of these materials, thermal wan-
dering of vortex lines leads to a rich phase diagram [1,2].
Numerous experiments [3–7] and computer simulations
[8–21] were interpreted as evidence for the scenario of
a vortex-lattice melting transition into a vortex-liquid
phase. Most convincing evidence for the existence of
a first-order phase transition separating the vortex lat-
tice from a liquid phase comes from a recent calorimetric
measurement of the specific heat in YBCO [6] and from
magnetization measurements in YBCO [4] as well as BiS-
CCO [5]. An explanation of the magnitude and temper-
ature dependence of the observed characteristic entropy
and magnetization jumps has been given in a recent work
by Dodgson et al. [22].
One interesting aspect of the melting transition is the
question of whether it coincides with a complete loss of
c-axis correlation (i.e. decoupling of the vortex lines into
independent ’pancakes’ in the Cu-O layers). A recent
transport measurement on untwinned YBCO by Righi et
al. [23] indicates that just above the melting tempera-
ture, the vortices are still correlated over a few microns,
and become fully decoupled only at a distinctly higher
temperature.
On the theoretical side, the properties of the vortex
liquid phase have been intensively studied. Some time
ago Li and Teitel [11] numerically studied the (uniformly
frustrated) 3D XY model on a cubic lattice, and found
a melting transition into a liquid with longitudinal su-
perconducting coherence. The longitudinal supercon-
ductivity, signalling a c-axis vortex correlation over the
full system thickness, was found to be lost at a distinct
temperature above the melting temperature. In later
work including screening effects using the lattice Lon-
don Model, a similar two-stage melting transition was
found by Chen and Teitel [12,14]. Recently, a two-stage
transition was also found by Ryu and Stroud [18] using a
3D XY model on a stacked triangular lattice, for a frus-
tration lower than studied in earlier work by Hetzel et
al. [9]. When the intermediate liquid with longitudinal
coherence would persist into the thermodynamic limit
(very large system thickness), it would be the realization
of the so-called line-liquid phase proposed in Ref. [24].
In this paper we study the dynamical properties of
the lattice London model and compare them with the
behavior of equilibrium quantities as studied in Refs.
[12,14,16,25].
II. LATTICE LONDON MODEL AND MONTE
CARLO METHOD
The Hamiltonian of the isotropic lattice London model,
at constant induction B, reads:
1
H = 4pi2J
∑
i,j,µ
qµ(Ri)qµ(Rj)g(Ri −Rj) (1)
where J = Φ2
0
d/(32pi3λ2) (with λ the magnetic pene-
tration depth) and g(R) is the London interaction with
Fourier components
g(k) =
1
κ2 + (d/λ)2
(2)
and κ2 =
∑
µ κ
2
µ with κ
2
µ = 2− 2 cos kµ (kµ = 2pinµ/Lµ,
nµ = 0, 1, ..., Lµ − 1). Here we assumed an Lx × Ly ×
Lz lattice with periodic boundary conditions. At ev-
ery dual lattice site R of our square lattice, the in-
teger variable qµ(R) denotes the vorticity or number
of flux-line unit elements in the direction µ = x, y, z.
The qµ(Ri) are subject to the continuity constraint∑
eµ
[qµ(Ri)− qµ(Ri − eµ)] = 0. Here Ri−eµ runs over
nearest neighbor sites of Ri. λ is the magnetic penetra-
tion depth and d the lattice constant. The Hamiltonian
(1) can be derived from the discrete version of the London
free energy [10,14,33].
Monte Carlo sampling of the phase space for the vari-
ables qµ(R) at constant B is performed as follows. In
the simulations, the initial configuration is prepared to
contain the number of vortex lines corresponding to the
value chosen for B. A Monte Carlo update step consists
of adding at a given site a closed d×d square loop of unit
vorticity with an orientation chosen randomly from the
six possible ones. This scheme preserves the magnetic
induction B with components Bµ =
Φ0
d2V
∑
j〈qµ(Rj)〉.
(V = LxLyLz). The standard Metropolis algorithm is
employed to accept or reject the new configuration. For
equilibrium calculations, one uses (1) to calculate the en-
ergy change ∆E between the old and the new configura-
tion. To simulate the presence of a uniform transport cur-
rent j, we introduce an additional bias in the acceptance
rates by subtracting or adding (∆E)j = Φ0 | j | d
2/c
to the energy change ∆E when an elementary loop is
added whose normal vector is pointing in the same di-
rection as j or −j respectively. We measure the magni-
tude of the current in terms of the dimensionless quan-
tity α ≡ jΦ0d
2/(Jc). The dimensionless voltage Vµ is
obtained by measuring the rate at which vortex jumps
in the µ direction are occurring. This ’driven-diffusion’
method was used before in Refs. [26].
III. RESULTS
Our calculations are carried out on a 15×15×15 cubic
lattice, with a magnetic field running in the z direction.
We choose the filling fraction f = 1/15 and λ = 5d,
as in Refs. [12,14]. Runs were taken consisting of 16,384
(high currents) up to 262,144 (low currents) Monte Carlo
sweeps through the lattice, half of which were used for
equilibration.
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FIG. 1. I-V characteristics, plotted as resistance versus
current. (a) current along x direction. (b) current along z di-
rection. Insets: I-V characteristics, plotted as voltage versus
current, including the high current range.
In Fig. 1(a) and (b) we show our results for the I-V
characteristics at different temperatures, plotting the re-
sistances Vµ/αµ as a function of current αµ for µ = x and
µ = z, respectively. In Fig. 1(a) the in-plane (µ = x)
resistance is shown. For the lowest T shown (T = 1.5
2
in units of J/kB), the resistivity drops to zero below a
finite current value (critical current), and thus the linear
resistivity
Rxx ≡ lim
αx→0
Vx
αx
(3)
is zero. For T = 2.0 no clear critical current is observed,
but again we estimate Rxx to be zero (or very small).
For the higher T ’s studied, we find that the I-V char-
acteristic is linear (constant resistance) for sufficiently
small currents. For high currents, the I-V characteristics
become independent of temperature (see insets in Figs.
1(a) and (b)). In the high-current limit the voltage sat-
urates at the value 1/6, corresponding to acceptance of
all the Monte Carlo trial moves in the direction of the
Lorentz force.
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FIG. 2. Linear resistivities vs. T. Circles: in-plane.
Squares: out-of-plane. Inset: temperature dependence of the
vortex-lattice structure factor S ≡ S(ks), with ks the small-
est reciprocal lattice vector of the ground state vortex lattice,
and the helicity modulus γz, calculated at j = 0.
In Fig. 2 we plot the linear resistivities Rxx and Rzz
(estimated from the I-V characteristics of which repre-
sentative ones are shown in Fig. 1) as a function of T .
We distinguish three temperature regions with different
dissipative properties. For low T , both Rxx and Rzz
are zero. This is the flux-line lattice state, stabilized
against small currents by the artificial pinning effect of
the discrete mesh in our simulation. For intermediate
T , Rxx becomes finite but Rzz is still zero. Finally, for
high T , both transport coefficients become nonzero. For
comparison, we include equilibrium (i.e. j = 0) results
for the structure factor S and the helicity modulus γz
in the inset of Fig. 2. These equilibrium results were
obtained before in Refs. [12,14]. The temperature at
which the in-plane linear resistance becomes nonzero co-
incides with the melting temperature Tm of the flux-line
lattice as found from the decay of the equilibrium struc-
ture factor [28]. Furthermore, the temperature at which
the out-of-plane linear resistance Rzz becomes nonzero
coincides with the temperature Tz at which the j = 0
helicity modulus γz vanishes (see inset). Here γz was
calculated as explained in detail in Ref. [25]. This is
consistent with the interpretation of γz as a measure of
longitudinal superconducting coherence or longitudinal
superconductivity. Thus our transport calculations con-
firm the two-stage melting picture found in equilibrium
simulations of this model [12,14], in which there is an
intermediate vortex-liquid regime with superconductiv-
ity along the vortex lines. In this intermediate regime
Tm < T < Tz the vortex lines are c-axis correlated over
the full system thickness Lz = 15 simulated. For T > Tz
the longitudinal correlation length becomes smaller than
Lz. At some even higher Td (decoupling temperature),
the c-axis correlation should be lost completely.
IV. DISCUSSION
As our results are obtained for a finite system size, it is
not clear from them whether the two-stage melting sce-
nario persists into the thermodynamic limit. In fact, we
believe that this will not be the case. In Refs. [12,14] it
was found that the Tz decreased with increasing system
thickness Lz. In Ref. [19], the Lz dependence of Tz was
studied for the uniformly frustrated Villain Model. There
it was also found that the intermediate temperature re-
gion decreased in size with increasing Lz. We interpret
this finite-size behavior as a manifestation of a c-axis cor-
relation length that, in a thick system, is finite and large
just above the melting temperature and shrinks with in-
creasing temperature until a decoupling temperature Td
is reached. Thus, what these simulation results do pre-
dict for real (i.e. thick) systems is that the vortex lattice
melts into a liquid in which the vortex lines are c-axis
correlated over many layer distances, i.e. far from de-
coupled. Only for higher temperatures a crossover takes
place into a decoupled regime above Td. This scenario
agrees well with the transport experiments on YBCO by
Righi et al. [23], that indicate that just above the melt-
ing temperature, the vortices are still correlated over a
few microns [27], i.e. thousands of Cu-O layer distances,
and become fully decoupled only at a distinctly higher
temperature. In contrast, measurements on BiSCCO by
Doyle et al. [7] were interpreted as evidence for a simul-
taneous melting and decoupling. This is consistent with
recent Monte-Carlo simulations of a strongly anisotropic
modified 3D XY model by Koshelev [20], in which it was
found that the longitudinal helicity modulus drops to
zero close to the melting temperature already for Lz = 40
and larger. We note that such a behavior was also found
for Lz = 40 in a recent Monte Carlo study of an only
slightly anisotropic 3D XY model, in which the melting
3
transition was investigated upon cooling [21].
We thank G. Carneiro, W. Hanke, S. Teitel, and M.
Trawick for discussions. We gratefully acknowledge fi-
nancial support by the “Bayerischer Forschungsverbund
Hochtemperatur-Supraleiter (FORSUPRA)”.
∗ Present address: Center for the Epidemiology of Infec-
tious Disease, Department of Zoology, University of Ox-
ford, South Parks Road, Oxford OX1 3PS, UK.
[1] G. Blatter, M.V. Feigel’man, V.J. Geshkenbein, A.I.
Larkin and V.M. Vinokur, Rev. Mod. Phys. 66, 1125
(1994).
[2] E.H. Brandt, Rep. Progr. Phys. 58, 1465 (1996).
[3] H. Safar, P.L. Gammel, D. A. Huse, D.J. Bishop, J.P.
Price, and D.M. Ginsberg, Phys. Rev. Lett 69, 824
(1992); W.K. Kwok, S. Fleshler, U. Welp, V.M. Vinokur,
J. Downey and G.W. Crabtree, Phys. Rev. Lett. 69, 3370
(1992); M. Charalambous, J. Chaussy, P. Lejay, V. Vi-
nokur, Phys. Rev. Lett. 71, 436 (1993). R. Cubitt, E. M.
Forgan, G. Yang, S. L. Lee, D. McK. Paul, H. A. Mook,
M. Yethiraj, P. H. Kes, T. W. Li, A. A. Menovsky, Z. Tar-
nawski, K. Mortensen, Nature (London) 365, 407 (1993);
T. Nishikazi, Y. Onodera, N. Kobayashi, H. Asaoka, and
H. Takei, Phys. Rev. B 53, 82 (1996); S. Watauchi, H.
Ikuta, J. Shimoyama, K. Kishio, Physica C 259, 373
(1996).
[4] R. Liang, D. A. Bonn, W. N. Hardy, Phys. Rev. Lett.
76 835 (1996); U. Welp, J.A. Fendrich, W.K. Kwok,
G.W. Crabtree, and B.W. Veal, Phys. Rev. Lett. 76, 4809
(1996).
[5] H. Pastoriza, M.F. Goffman, A. Arribere, and F. de la
Cruz, Phys. Rev. Lett. 72, 2951 (1994); E. Zeldov, D. Ma-
jer, M. Konczykowski, V.B. Geshkenbein, V.M. Vinokur,
and H. Shtrikman, Nature (London) 375, 373 (1995); N.
Morozov, E. Zeldov, D. Majer, and M. Konzcykowski,
Phys. Rev. B 54, R3784 (1996);
[6] A. Schilling, R.A. Fisher, N.E. Phillips, U. Welp, D. Das-
gupta, W.K. Kwok, and G.W. Crabtree, Nature (Lon-
don) 382, 791 (1996); A. Schilling, R. A. Fisher, N. E.
Phillips, U. Welp, W. K. Kwok, and G. W. Crabtree,
Phys. Rev. Lett. 78, 4833 (1997); A. Junod, M. Roulin,
J.-Y. Genoud, B. Revaz, A. Erb, and E. Walker, Physica
C 275, 245 (1997).
[7] R. A. Doyle, D. Liney, W. S. Seow, A.M. Campbell, and
K. Kadowaki, Phys. Rev. Lett. 75, 4520 (1995); D.T.
Fuchs, E. Zeldov, D. Majer, R. A. Doyle, T. Tamegai, S.
Ooi, M. Konczykowski, Phys. Rev. B 54, R796 (1996).
[8] See e.g. references in Ref. [2], section 5.4.
[9] R.E. Hetzel, A. Sudbo, and D.A. Huse, Phys. Rev. Lett.
69, 518 (1992).
[10] R. Cavalcanti, G. Carneiro and A. Gartner, Europhys.
Lett. 17, 449 (1992); G. Carneiro, R. Cavalcanti and
A. Gartner, Phys. Rev. B 47, 5263 (1993); G. Carneiro,
Phys. Rev. Lett. 75, 521 (1995); Phys. Rev. B 53, 11837
(1996).
[11] Y.H. Li and S. Teitel, Phys. Rev. B 47, 359 (1993); 49,
4136 (1994). Y.H. Li and S. Teitel, Phys. Rev. B 45, 5718
(1992).
[12] T. Chen and S. Teitel, Phys. Rev. Lett. 74, 2792 (1995).
[13] T. Chen and S. Teitel, Phys. Rev. B 55, 11766 (1996).
[14] T. Chen and S. Teitel, unpublished, cond-mat/9702010.
[15] D. Dominguez, N. Gronbech-Jensen, and A.R. Bishop,
Phys. Rev. Lett. 75, 4670 (1995).
[16] A.K. Nguyen, A. Sudbo, and R.E. Hetzel, Phys. Rev.
Lett. 77, 1592 (1996).
[17] H. Nordborg and G. Blatter, unpublished, cond-
mat/9612052.
[18] S. Ryu and D. Stroud, Phys. Rev. Lett. 78, 4629 (1997).
[19] A.K. Nguyen and A. Sudbo, unpublished, preprint cond-
mat/9703046.
[20] A.E. Koshelev, submitted to PRB.
[21] X. Hu, S. Miyashita, and M. Tachiki, unpublished.
[22] M.J.W. Dodgson, V.B. Geshkenbein, H. Nordborg, and
G. Blatter, unpublished, cond-mat/9705220.
[23] E.F. Righi, S.A. Grigera, G. Nieva, D. Lopez, and F. de
la Cruz, Phys. Rev. B 55, 14156 (1997).
[24] M.V. Feigelman, V.B. Geshkenbein, and V.M. Vinokur,
JETP Letters 52, 546 (1990). M.V. Feigelman, V.B.
Geshkenbein, L.B. Ioffe, and A.I. Larkin, Phys. Rev.
B 48, 16641 (1993). M.V. Feigelman and L.B. Ioffe,
cond-mat/9403032. For related work see Z. Tesanovic,
Phys. Rev. B 51, 16204 (1995); L.I. Glazman and A.E.
Koshelev, Phys. Rev. B 43, 2835 (1991); and D.R. Nelson
and H.S. Seung, Phys. Rev. B 39, 9153 (1989).
[25] T.J. Hagenaars, E.H. Brandt, R.E. Hetzel, W. Hanke,
M. Leghissa, and G. Saemann-Ischenko, Phys. Rev. B
55, 11706 (1997).
[26] M. Wallin and S.M. Girvin, Phys. Rev. B 47, 14646
(1993); K.H. Lee, D. Stroud, and S.M. Girvin, Phys.
Rev. B 48, 1233 (1993); J.-R. Lee and S. Teitel, Phys.
Rev. B 50, 3149 (1994); R.A. Hyman, M. Wallin, M.P.A.
Fisher, S.M. Girvin, and A.P. Young, Phys. Rev. B 51,
15304 (1995); E. Bonabeau and P. Lederer, Phys Rev.
Lett. 77, 5122 (1996).
[27] A modified flux-transformer geometry to study systems
with an effective thickness of only several µm was de-
signed and investigated in M.L. Trawick, S.M. Ammi-
rata, C.D. Keener, S.E. Hebboul, and J.C. Garland, J.
Low Temp. Phys. 105, 1267 (1996).
[28] We note that, due to the discrete-mesh pinning effect, the
melting temperature Tm is actually an upper bound for
the true melting temperature. Ideally, the vortex lattice
should depin from the numerical mesh below Tm. Such a
behavior can be achieved by softening the artificial pin-
ning effect using a more dilute vortex system (see e.g.
Ref. [16]).
[29] T. Chen and S. Teitel, Phys. Rev. Lett. 76,
[30] T. Chen and S. Teitel, Phys. Rev. Lett. 76, 714 (1996).
[31] C. Dasgupta and B.I. Halperin, Phys. Rev. Lett. 47, 1556
(1981); S.E. Korshunov, Europh. Lett. 11, 757 (1990).
[32] T. Chen and S. Teitel, Phys. Rev. Lett. 72, 2085 (1994).
[33] G. Carneiro, Phys. Rev. B 50, 6982 (1994).
4
